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We saw these velocity graphs below. And in the 6 hour time interval, we saw the velocity was broken up into 12 different “pieces.” (So each piece represented a 30 minutes.) We calculated how far a person moved for each of those pieces. But here’s the thing… those pieces were approximations of a continuous velocity curve. That’s the dashed line!
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We could have made a better approximation for the motion if we broke up the 6 hour time interval into 24 different pieces (so each piece represented 15 minutes).
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And heck, we could have done an even better approximation for the motion if we broke up the 6 hours into 360 pieces (so each piece represented 1 minute). Or even better, 21,600 pieces (so each piece represented 1 second). Or even better.

What we were doing is approximating the velocity curve by these little step functions. That approximation for a velocity curve – or any curve – is useful.  Today we’re going to tie a few different threads together.

Open the Geogebra Applet titled Riemann Sums.

To start, make sure the applet says “Type 0,” point A is at (0,0) and point B is at (4,0). 
1. In the applet, set n=2, 
[image: image7.emf]f(x)=x+1
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, and make sure the applet says “Type 0.” For everything we’re doing We are going to be doing left-handed sums for this entire sheet.

(a) Drag the slider back and forth. What does n control? _________________________
(b) Change n to be 4. What does the number 
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 mean? _______________________
(c) Change n to be 40. What is the base length of each rectangle? ____________
(d) Change n to be 50. 
What is the base length of each rectangle? ____________
The applet reads: 
[image: image9.emf]
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What do you think the number that the applet calculates represents?

 2. In the applet, set 
[image: image10.emf]1.
Jx)=75¢
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(a) Set n=8. 
What is the base length of each rectangle? ____________
What is the height of the second rectangle (exactly)? _____________
What is the area of the second rectangle (exactly)? _____________
The applet reads: 
[image: image11.emf]
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(b) Set n=16.

What is the base length of each rectangle? ____________
What is the height of the last rectangle (exactly)? _____________
What is the area of the last rectangle (exactly)? _____________
The applet reads: 
[image: image12.emf]
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(c) Set n=50. 
The applet reads: 
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3. In the applet, set 
[image: image14.emf]f(x)=1-x









 

 

f(x)

=

1

-

x


(a) Set n=50. 
The applet reads: 
[image: image15.emf]
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What does that number mean? 


(b) Drag point B to (1,0). The applet reads: 
[image: image16.emf]
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What does that number mean? 


(c) Drag point B to (2,0). The applet reads: 
[image: image17.emf]
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What does that number mean?
(d) Drag point B to (3,0). The applet reads: 
[image: image18.emf]
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What does that number mean?


(e) Drag point B to (4,0). The applet reads: 
[image: image19.emf]
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What does that number mean?


4. In the applet, set 
[image: image20.emf]f(x)=2cos(x)
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. Keep n=50. 

Drag point B from (0,0) to (6.28,0). 

As you drag, try to find the highest value of the applet. It (
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) occurs when B is at 
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Now try to find the most negative value of the applet. It (
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) occurs when B is at 
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Finally try to find when the applet gives a value of 
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. This occurs when B is at 
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5. In the applet, set 
[image: image28.emf]f(x)=%x+1
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. Keep n=50. 

(a) Drag point A to (2,0). Drag point B to (6,0). The applet reads: 
[image: image29.emf]
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(b) Hopefully at this point you have a sense of what the applet is calculating. We have an approximation. But you know geometry well, so can you tell if we made n=1,000,000,000,000, what the applet would read? (In other words, can you give an exact value?)




6. Overall, this applet is calculating something for us. What it is calculating is called a Riemann Sum. 

There are two interpretations for this.

If we’re thinking geometrically/graphically… the Riemann Sum gives us an approximation of:



If we have a velocity graph… the Riemann Sum gives us an approximation of:


A Conceptual Suggestion:
Let’s call 
[image: image30.emf]Area(x)
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 a function which gives you the signed area under a curve 
[image: image31.emf]f(x)









 

 

f(x)

 from 0 to some x-value. Technically we could write 
[image: image32.emf]SignedArea(x)
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 , and we probably should, but that just gets bulky. So let’s remember that this function represents the signed area. 

7. Check your understanding. Below is 
[image: image33.emf]f(x)
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Shade in what would be represented by 
[image: image35.emf]Area(4)
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 , and calculate the value of 
[image: image36.emf]Area(4)
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Shade in what would be represented by 
[image: image38.emf]Area(5)
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 , and calculate the value of 
[image: image39.emf]Area(5)
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Shade in what would be represented by 
[image: image41.emf]Area(5) - Area(4)
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 , and calculate the value of
[image: image42.emf]Area(5) - Area(4)
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We’ve done this before… Come up with a function for 
[image: image43.emf]Area(a)
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 , where 
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 is any  value!
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The equation of the line 
[image: image46.emf]f(x)=
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The area function related to this line is 
[image: image47.emf]Area(x) =
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WHOA! WAIT! What do you notice?
8. Below is 
[image: image48.emf]f(x)
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 .
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Find 
[image: image49.emf]Area(x)
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The equation of the line 
[image: image50.emf]f(x)=
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The area function related to this line is 
[image: image51.emf]Area(x) =
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WHOA! WAIT! REALLY?!?! Do you see the same thing as in the previous problem?!
9. Below is 
[image: image52.emf]f(x)
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Find 
[image: image53.emf]Area(x)
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The equation of the line 
[image: image54.emf]f(x)=
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The area function related to this line is 
[image: image55.emf]Area(x) =
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WHOA! WAIT! REALLY?!?! Do you see the same thing as in the previous two problems?!

Calculate 
[image: image56.emf]Area(8)
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 using the formula. Can you geometrically/graphically explain why it has this value?



Calculate 
[image: image57.emf]Area(7)
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 and 
[image: image58.emf]Area(l)
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using the formula you came up with:

They should be the same. Can you come up with a geometric/graphical explanation as to why these are the same? Use the graph on the left to help you!
10. A proof of what we’re seeing… Let’s look at a random function 
[image: image59.emf]f(x)
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Let’s look at a little area slice of it. And we’ll calculate it in two different ways.

[image: image61.png]X x+h




Come up with an expression that represents this shaded area using the 
[image: image62.emf]Area(x)
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 function: _______________

Come up with an expression that approximates this shaded area by finding the area of a rectangle. The base length of the rectangle is _____ and the height of the rectangle is ________. So the area is approx. _______.

Now we have two equations for the area. Let’s set them approximately equal to each other and see what happens… Rearrange them, with CALCULUS in mind. 

So the relationship between 
[image: image63.emf]f(x)
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 is as follows:

(a) The _________________ of 
[image: image65.emf]Area(x)
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 gives us 
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f(x)

.
(b) The _________________ of 
[image: image67.emf]f(x)
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 gives us 
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It is this second formulation that is key for us!!! 

After all of this, we have a new and important meaning for antiderivative. An antiderivative of a 
[image: image69.emf]f(x)
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is not just an answer to “what function, when I take the derivative of it, gives me 
[image: image70.emf]f(x)
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?” We know see that the antiderivative of 
[image: image71.emf]f(x)









 

 

f(x)

 gives us ________________________________________________________. 
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